While one can in principle augment gravity theory with torsion, it is generally thought that any such torsion affects would be too small to be of consequence. Here we show that this cannot in general be the case. We show that the limit of vanishing torsion is not necessarily a continuous one, with the theory obtained in the limit not necessarily coinciding with the theory in which torsion had never been present at all. However, for a standard torsion tensor that is antisymmetric in two of its indices we have found two cases in which the vanishing torsion limit is in fact continuous, namely Einstein gravity and conformal gravity. For other gravity theories of common interest to possess a continuous limit the torsion tensor would need to be antisymmetric in all three of its indices.
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I. INTRODUCTION
The status of torsion in gravity theory is somewhat enigmatic. While there is a rich and informative body of theoretical torsion studies in the literature (see e.g. [1], [2]), and while there is no known principle that would actually forbid the presence of torsion in nature, as of today there is no observational evidence that would indicate that torsion actually plays any role in the real world. Because of this it is generally thought that any torsion effects that might be present in any given theory of gravity with torsion would be too weak to be observable. In this paper we call this assumption into question by showing that the limit of vanishing torsion is not necessarily a continuous one, with the theory obtained in the zero torsion limit not necessarily coinciding with the theory in which torsion had never been present at all. We have however found two cases in which the limit is in fact continuous, namely standard Einstein gravity and a particular formulation of conformal gravity, namely that in which it is generated through radiative loop corrections in an underlying spinor theory with torsion.
To construct a metric theory of gravity one must introduce a connection Γ λ µν . For pure Riemannian geometry the connection is given by the Levi-Civita connection
Λ λ µν is symmetric in its µ, ν indices, to thus have 40 independent components, and with it one can construct a covariant derivative operator ∇ µ , with the metric obeying metricity conditions with indices sequenced here as
(2) To introduce torsion one takes the connection to no longer be symmetric on its two lower indices, and defines the Cartan torsion tensor Q λ µν according to
With this antisymmetry Q λ µν has 24 independent components. Unlike the Levi-Civita connection the torsion Q λ µν transforms as a true rank three tensor under general coordinate transformations. In terms of the torsion tensor one defines a contorsion tensor according to
With K λ µν one constructs the generalized connectioñ
to give a connection that now has 64 independent components. With this generalized connection one can construct a covariant derivative operator∇ µ , with the metric now obeying a generalized metricity conditioñ
with respect to the connectionΓ λ µν . A torsion theory is defined to be one in which one replaces Λ λ µν byΓ λ µν , with the Riemann tensor
being replaced by the Riemann-Cartan tensor
with this sequencing of indices and use of K αµν = −K µαν yieldingR λµνκ = −R µλνκ ,R λµνκ = −R λµκν . In terms of the Levi-Civita-based ∇ µ as sequenced as per Eq. (2), the Riemann-Cartan tensorR λ µνκ admits of the convenient decompositioñ
with contractionsR µκ =R λ µλκ andR = g µκR µκ . The specific form given forR λ µνκ holds because the torsion tensor transforms as a tensor in a standard Riemannian space, while even as it obeys Eq. (6) the metric continues to obey Eq. (2). Since the torsion tensor is independent of the metric (it cannot be expressed in terms of the metric), to construct the equations of motion in the presence of torsion one performs independent variations of the action with respect to the metric and the contorsion, according to δ[R
. The variation yields two tensors, an energy-momentum tensor T µν and a spin density tensor Σ λµν . To see how things work we consider first a theory based on an arbitrary function f (R) ofR whereR is the Ricci-Cartan scalar.
II. DISCONTINUITIES IN THE EQUATIONS OF MOTION
For the actionĨ = d 4 x(−g) 1/2 f (R), functional variation with respect to the metric and the contorsion yields
and
In the limit of zero torsion Eq. (10) reduces to
viz. to precisely the equation of motion that would be obtained by varying I = d 4 x(−g) 1/2 f (R) with respect to the metric in a standard Riemannian theory. However, if we switch the torsion off in the spin density equation we do not get zero equals zero, but instead obtain a constraint equation of the form
On contracting indices we obtain
Thus unless f (R) is such that f ′′ (R) is zero all solutions to the theory would have to obey
with the only allowed solutions to Eq. (12) then being ones in which the Ricci scalar is a constant. The only way to avoid this highly restrictive outcome is to have f ′′ (R) be zero, to thus allow only f (R) = aR + b where a and b are constants, viz. to only allow a standard Einstein-Hilbert theory with a possible cosmological constant term. Hence of all the possible f (R) torsion theories that one could write down, only in the one with f (R) = aR + b could one continuously set the torsion to zero. Hence only for this theory could one consistently take the torsion to be weak.
To understand why we obtained this outcome, we note that in varying with respect to the torsion, the equation that we will obtain for Σ αβγ will be one power lower in the torsion than the action itself is. Thus if the action contains a term linear in the torsion then the equation for Σ αβγ will contain a term that will not vanish in the zero torsion limit. In general then this will give us a constraint and render the limit discontinuous. As can be seen from Eq. (9)R λ µνκ contains a term that is linear in the torsion. Thus initially we might expect that even for f (R) =R there should be a constraint. However all the terms inR λ µνκ that are linear in the torsion are also total derivatives. In d 4 x(−g) 1/2R they thus decouple, with the first non-trivial dependence on the torsion then being quadratic, and with no zero torsion constraint then ensuing. However for actions such as d 4 x(−g) 1/2R2 the term that is linear in the torsion involves the product of a total derivative of the torsion and an appropriate contraction of the torsionless R λ µνκ . This cross term is not a total derivative and thus it does not decouple from the action, and the zero torsion limit then is discontinuous. Similar considerations affect actions based on any higher power ofR, and thus for any f (R) other than aR + b the zero torsion limit will be discontinuous.
These considerations do not just affect actions that are based on functions ofR. They also affect general coordinate scalar actions containing general functions f (R µκR µκ ) or f (R λµνκR λµνκ ) of the Ricci-Cartan and Riemann-Cartan tensors. In fact for these particular actions there is no choice for the function f for which the zero torsion limit might be continuous, since coordinate invariance itself already forces these actions to contain an even number of powers ofR µκ orR λµνκ , and to thus always contain terms linear in the torsion that are not total derivatives.
However, there is one further case that we need to examine, one that could only possibly occur for quadratic actions, since it might be possible to obtain a term linear in the torsion that would be a total divergence for some specific combination of quadratic actions of the form d 4 x(−g) 1/2 [aR λµνκR λµνκ + bR µκR µκ + cR 2 ] for some specific values of the a, b, and c coefficients. And it turns out that there actually is one, and in fact only one, choice for the coefficients for which a cancellation does in fact occur. Specifically, following integrations by parts and the use of the identity
and its contractions, the net linear term for the combination is found to be of the form
Thus, the only combination for which the term linear in the torsion cancels is the one with a = 1,
However, quite remarkably, we recognize this specific combination to be just the one for which the term in it that is independent of the torsion altogether, viz.
, just happens to be a total divergence itself (the Gauss-Bonnet theorem), so even this combination is not of interest [3] . Hence within the entire class of actions based onR,R µκ andR λµνκ , only
leads to a consistent zero torsion limit [4].
III. DISCONTINUITY IN THE WEYL-CARTAN CONFORMAL CASE
To discuss the implications of conformal invariance for gravity theory (see e.g. [5, 6] ) it is convenient to first introduce the Weyl tensor in the torsionless case, viz.
This tensor has the property that unlike the behavior of R λµνκ itself, under a local conformal transformation of the form g µν (x) → Ω 2 (x)g µν (x) the Weyl tensor transforms as C λµνκ → Ω 2 (x)C λµνκ with all derivatives of Ω(x) canceling identically. In consequence, in a Riemannian geometry the action
with
2 and dimensionless coupling α g , is locally conformal invariant. In a Riemannian geometry the quantity
] is a total divergence, so that the action can be simplified to
To introduce torsion in the conformal case (see e.g.
[7]) the natural procedure would be to replace the Riemann tensor by the Riemann-Cartan tensorR λµνκ as given in Eq. (8), with the Weyl tensor then becoming the WeylCartan tensorC λµνκ =R λµνκ −(1/2)(g λνRµκ −g λκRµν −
a straightforward transformation for the torsion that takes into account its antisymmetry structure is
where q is the conformal weight of the torsion tensor. While the specific value taken by q is not known, we note that since the torsion tensor has to have the same engineering dimension as the Levi-Civita symbol, it must have engineering dimension equal to one, with q = 1 thus being the most natural choice. Moreover, when q is equal to one,Γ . Consequently, for this value of q, and in fact for this value alone (and not even for q = 0), the Cartan torsion extensions of the actions given in Eqs. (17) and (18), viz.
] then are locally conformal invariant too, with the conformal invariance of
being established directly without the need to utilize any properties of R λµνκR λµνκ − 4R µκR µκ +R 2 . Now previously we had shown that there was no combination of quadratic actions for which the zero torsion limit would be continuous. Since both of the generalized conformal actions d 4 x(−g)
fall into this class, and since conformal invariance expressly forces us to quadratic actions [9], there is no generalized conformal action for which the zero torsion limit would be be continuous. As we thus see, if we implement conformal invariance in the torsion case by generalizing the Weyl tensor to the Weyl-Cartan tensor, we are unable to construct a conformal invariant theory in which the zero torsion limit would be continuous. To find an alternate way to implement conformal invariance in the torsion case, one that will prove to be continuous in the limit, we turn to an approach based on spinors. And while we will need to treat the spinors themselves quantum-mechanically in the following, as far as the metric and torsion are concerned they will be treated as classical fields, just as we have been treating them in the above [10].
IV. CONTINUITY IN A SPINOR-BASED CONFORMAL CASE
In order to discuss spinors in the torsion case we need to develop a vierbein formalism. To this end, instead of developing Riemannian geometry via general coordinate invariance, i.e. via invariance under local translations, one considers invariance under local Lorentz transformations. Without any reference as yet to spinors one introduces a set of vierbeins V a µ where the coordinate a refers to a fixed, special relativistic reference coordinate system with metric η ab , with the Riemannian metric then being writable as g µν = η ab V a µ V b ν . Because the vierbein carries a fixed basis index its covariant derivatives are not given via the Levi-Civita connection alone. Rather, one needs to introduce an independent second connection known as the spin connection ω ab µ , with it being the derivative
that transforms as a tensor under both local translations and local Lorentz transformations. If we now require metricity in the form D µ V aλ = 0, we find that ω ab µ is no longer independent but is instead given by the antisymmetric, 24-component −ω
To now introduce spinors, one starts with the free massless Dirac action in flat space, viz. the Poincare invariant (1/2) d 4 xψγ a i∂ a ψ + H.c., where γ a γ b + γ b γ a = 2η ab . To make this action invariant under local translations one introduces a (−g) 1/2 factor in the measure and replaces γ a ∂ a by γ a V µ a ∂ µ . While the resulting action is then invariant under spacetime independent Lorentz transformations of the form ψ → exp(w ab Σ ab )ψ where Σ ab = (1/8)(γ a γ b − γ b γ a ), when the function w ab is taken to be spacetime dependent, to continue to maintain invariance one has to augment the action with the spin connection of Eq. (22), to then obtain the curved space Dirac action
.(23)
While this action is now both locally translation and locally Lorentz invariant, for our purposes here we note that under
D is locally conformal invariant as well. We thus get local conformal invariance for free. The reason for this is that the full symmetry of the light cone where massless particles propagate is not just the SO(3, 1) Lorentz group but the conformal group SO(4, 2) with covering group SU (2, 2). Since the 4-component Dirac fermion transforms as the fundamental spinor representation of the conformal group, gauging Lorentz invariance then leads to local conformal invariance as well.
To introduce torsion at the vierbein level we replace ω ab µ by a 24-component (but 48 degree of freedom) torsion-dependent spin connectionω ab µ that obeys
and note thatω we obtain a torsion-dependent Dirac action of the form
Integration by parts and use of γ
where
In this action we note that even if the torsion is only antisymmetric on two of its indices, the only components of it that appear inĨ D are the four that constitute that part of it that is antisymmetric on all three of its indices. For our purposes here we note that regardless of what the value of q might actually be, under the conformal transformations given in Eq. (20) S µ is left invariant. Since the torsionindependent I D is locally conformal invariant on its own, for any q it follows that the coupling of a massless Dirac fermion to torsion as given inĨ D is fully locally conformal invariant as well. Now in a study of dynamics based on a fermion conformally coupled to a (torsionless) Riemannian geometry and electromagnetism with a matter action of the form
it was noted [11] , [6] that a path integration DψDψ exp(iI M ) over the fermions (equivalent to a one fermion loop Feynman graph) generated an effective action of the form
where the log divergent constant C is regularized as C = 1/8π
Noting the similarity tõ I D , the path integration DψDψ exp(iĨ D ) then yields a very specific effective action [2]
SinceĨ D is conformal invariant I EFF must be too, just as can be seen. Now we note that I EFF contains no terms that are linear in the torsion. Thus even though the fermionic actionĨ D does contain a term that is linear in the torsion, the path integration over the fermionic fields converts it into a term that is quadratic in the torsion. Finally then, since I EFF does not contain any term that is linear in the torsion, in the zero torsion limit a gravity theory based on this I EFF action would be continuous. Thus just like the standard Einstein-Hilbert action, for the conformal I EFF one can consistently take the weak torsion limit.
V. COMPLETELY ANTISYMMETRIC TORSION
While not conventional and perhaps even a little contrived [12] , we note that if we were to take the torsion, and thus the contorsion also, to be antisymmetric on all three of their indices, then all terms linear in the torsion would cancel identically in all three of
. Then for any quadratic action, and thus also for one based on the Weyl-Cartan tensor, the zero torsion limit could consistently be taken. Moreover, the same analysis extends to even higher derivative theories, since if there is no term linear in the torsion in quadratic actions, there will be none in quartic actions, and so on Thus for any f (R), f (R µκR µκ ) or f (R λµνκR λµνκ ) theory, once the torsion is completely antisymmetric, the zero torsion limit could then consistently be taken.
For a torsion that is only antisymmetric on two of its indices however, we have found two cases in which the limit of zero torsion is continuous and constraint free, namely Einstein gravity and conformal gravity. Interestingly, both of these theories are currently being used to fit gravitational data (for conformal gravity fits without any need for dark matter see [5, 6, 13]), with conformal gravity even being a consistent, renormalizable, and ghost-free [6, 14] 
is a topological invariant. However, it contains no additional information that might be of use for our purposes here sinceR λµνκ contains a term that is linear in the torsion and the contribution of the torsionless R λµνκ has been projected out. We are indebted to the referee for informing us of the work of Nieh and Yan.
[4] It is of interest to note that there is some similarity between the results we obtain here and results obtained in a first-order Palatini variational approach to gravity. In a Palatini approach one does not impose metricity but instead treats the connection as being completely independent of the metric and does separate variations with respect to the connection and the metric. In the standard approach to gravity one takes the connection to be fixed by metricity from the outset and varies with respect to the metric alone (and additionally to the torsion if present). For the torsionless pure Ricci scalar Einstein-Hilbert action with f (R) = R one finds that in the stationary Palatini minimum the connection has to in fact be the metricity-required Levi-Civita connection after all. However, this turns out not to be the case for actions based on higher powers of the Ricci scalar, with the connection in the stationary Palatini minimum not being able to coincide with the Levi-Civita connection. , where bµ = −R −1 ∂µR, and where the associated covariant derivative is given by∇ λ gµν = b λ gµν .) Even though we maintain metricity throughout in the torsion study that we present here, we nonetheless find a similar pattern of behavior with f (R) = R behaving differently from any other choice for f (R). Related discussion of variational issues may be found in [2] , where a comparison between variation with respect to the connection and variation with respect to the spin connection is provided. [9] Since C λµνκ , C λµνκ and (−g) 1/2 respectively transform as C λµνκ → Ω 2 (x)C λµνκ , C λµνκ → Ω −6 (x)C λµνκ and (−g) 1/2 → Ω 4 (x)(−g) 1/2 under gµν(x) → Ω 2 (x)gµν, only actions based on quadratic functions of the Weyl tensor could be locally conformal invariant.
[10] That there would be a discontinuity in the zero torsion limit for quadratic actions had already been noted in L. Fabbri, J. Math. Phys. 54, 062501 (2013), where the most general quadratic action had been considered, even including conformal cases with q = 1. It was the result of that paper that prompted the current inquiry to see how general that result might be and how it might be avoided.
